S s~ Publishers Review Article

Journal of Epidemiology and Medical Statistics

Overlapping Coefficient in Biomedical Statistics: Methodology and Comparison
with ROC-AUC

Mohammad O. Edous'’, Bashar O. Edous' and Omar M. Eidous?

!Faculty of Medicine, Yarmouk University, Irbid, Jordan
’Department of Statistics, Yarmouk University, Irbid, Jordan

“Corresponding authors
Mohammad O. Edous, Faculty of Medicine, Yarmouk University, Irbid, Jordan.

Received: June 17, 2026; Accepted: June 29, 2026; Published: July 08, 2026

Abstract

The Weitzman overlapping coefficient (OVL) is a probabilistic measure of similarity between two distributions defined as the common
probability mass shared by their density functions. In biomedical statistics, OVL has become increasingly attractive because of its direct
interpretability and its ability to quantify distributional similarity between healthy and diseased populations. Although substantial progress
has been made in parametric, nonparametric, and numerical estimation methods, the relationship between OVL and the Receiver Operating
Characteristic Area Under the Curve (ROC-AUC) has received comparatively little attention. This paper presents a unified overview of
OVL estimation methods and investigates its theoretical and empirical relationship with ROC-AUC. A probabilistic representation of
OVL is developed and compared with the classical probabilistic representation of ROC-AUC. Under the equal-variance normal model,
explicit analytical expressions for both measures are reviewed, revealing a monotonic inverse relationship between them. A simulation
study demonstrates how increasing distributional separation leads to decreasing overlap and increasing classification performance. The
results indicate that OVL and ROC-AUC provide complementary information and should be interpreted jointly in biomedical applications.

Keywords: Overlapping coefficient, ROC-AUC, biomedical 0<OVL(f,g)<1
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. . Values near one indicate substantial overlap, whereas values
simulation study.

near zero indicate strong separation.

Introduction

The comparison of probability distributions is a fundamental
problem in biomedical statistics. Measures of distributional
similarity are frequently employed in biomarker evaluation,
disease classification, treatment comparison, epidemiological
studies, and clinical decision-making.

During the last decade, considerable methodological
developments have been made regarding estimation and
inference of overlap coefficients. These include kernel-based
methods numerical integration approaches asymptotic theory
parametric procedures and multivariate extensions [5-8, 11-14].

In biomedical research, however, the Receiver Operating
Characteristic Area Under the Curve (ROC-AUC) remains the
dominant measure for evaluating diagnostic performance. ROC-
AUC is defined as
AUC=P(X>X,)

Among the available measures, the overlapping coefficient
(OVL), originally proposed by Weitzman [1], has emerged as
an intuitive measure of similarity between distributions. Unlike
divergence measures such as the Kullback—Leibler divergence
or Bhattacharyya distance, OVL has a direct probabilistic
interpretation as the common probability mass shared by two
populations. For continuous densities f and g, the overlapping
coefficient (OVL) between f and g is defined by

OVL(f.8) = .L,) min{f(x), g(x)}dx Although both OVL and ROC-AUC are frequently interpreted
The coefficient satisfies: as measures of discrimination, they quantify fundamentally

where X D and X H denote diagnostic measurements from
diseased and healthy populations, respectively.
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different characteristics of the underlying distributions.

The primary objective of this paper is therefore fourfold:

*  Develop a unified estimation framework for OVL.

»  Establish general consistency results.

*  Derive a probabilistic representation of OVL analogous to
ROC-AUC.

* Investigate the theoretical relationship between OVL and
ROC-AUC.

The Overlapping Coefficient
For two continuous densities f and g,

OVL(f,2)=[ min{f(x),g(x)}dx

Using
min(a,b) = W

we obtain

OVL(f.2) =1—%J.:|f(X)—g(X) | dx

Thus OVL is directly related to the total variation distance:
(f.0) =5[] f)- g dv

Consequently,

OVL(f,8)=1-TV(f,8)

This identity provides an important geometric interpretation of
overlap.

OVL Estimation

Let X,X,,...,.X  be a random sample of size n from f and let
Y,Y,,...,Y , be another random sample of size n, from g, where
the two samples are independent. A general estimator of OVL is:

OVL =" min{f(x),8(x)}dx =1-TV(f,2)

where f(x) and g(x) are the density estimators (parametric or
nonparametric) of f(x) and g(x) respectively

Although the estimator of overlap coefficient is defined through
the simple expression, its computation is often challenging
in practice. The difficulty arises from the need to identify the
regions where f(x)<g(x) and f(x)>g(x), which generally requires
determining the intersection points of the two density functions.
For many parametric models these intersection points do not
admit closed-form solutions, while for nonparametric density
estimators the problem becomes even more complicated because
the estimated densities are represented as sums of kernel
functions. To overcome this difficulty, Eidous and Talatha [11]
proposed a computational procedure for locating the density
crossing points and evaluating the overlap coefficient accurately,
thereby avoiding the need for explicit analytical solutions.

The nonparametric kernel density estimators of f(x) and g(x) are
given by:

A I & (x=X,
f(x):nlhng( h ], —0 <X <00

and

2 x—Y.
ZK[ : Jj, —00< X <00

2 j=1 2

N 1
g(X)zn h
2

The kernel function K is taken to be Gaussian kernel, i.e.

1 e

o ¢’ and the smoothing parameters are computed by
using the following rule recommended by Silverman [10],
h=0.9 An""i=1,2

Ku)=

where A=min{standard deviation,interquartile range/1.34} is
computed based on the first sample X|,X,.... X, to obtain h, and
the second sample Y ,Y,...,Y , to obtain h,. The estimator OVL
o 0T OVL(f,g) is given by [11], }

. | minlf(X,), 8(X

OVLKH:l 1 { (Ak) &( k)}
2 f(X,)

These methods of estimating OVL coefficients are consistent with

earlier parametric, nonparametric kernel-based developments,

and numerical approaches for OVL estimation [11-14].

n, o n, =

+1i[min{f(Yk), a(v,)}

&v)

ROC-AUC Estimation

The Receiver Operating Characteristic Area Under the Curve
(ROC-AUC) is defined as [15]

AUC=P(X>Y)=E I(Y<X),

where X=X denotes the diagnostic measurement from
the diseased population and Y=X, denotes the diagnostic
measurement from the healthy population. The empirical
estimator of AUC is [16]

! i“ZZI(YJ<Xi).

nn, 55

AUC =

This estimator is unbiased since

— 1 &ne
E(AUC):E‘Z;;H(Y, <X))

- "Zip(y<x)

nn, 555

=P(Y <X)=AUC

ROC-AUC Relationship with OVL

Using the identity

min(a,b) = aI(a < b)+bI(b < a),

we obtain

OVL(f,g)= J':f(x) I(f(x) < g(x))dx +j1g(x) I(g(x) < f(x))dx.

This can be rewritten in expectation form as

OVL(f,g)=EI(f(X)<g(X))+EI(g(Y)<f(Y)),

Hence,

OVL(f,g)=P(f(X)<g(X))+P(g(Y)<f(Y)).

This representation provides a probabilistic interpretation of

OVL.

Unlike AUC, however, OVL is not based on pairwise

comparisons between observations from the two populations.

Instead, it compares the relative magnitudes of the two density

functions at sampled locations.

The comparison suggests a deeper duality:

*  ROC-AUC is a distributional separation measure in the
sample space.

e OVLis a geometric overlap measure in the density space.

Both are rank-type probabilistic functional, but OVL operates
on density ordering rather than observation ordering. This
structural similarity explains why both quantities are widely
used as measures of discrimination, yet they respond differently
under scaling, tail behavior, and multimodality.
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Normal-Theory Relationship Between OVL and ROC-AUC
Let x~~(uy.0’) and ¥~ N(u,.0%). Under these normal assumptions
with equal variances, the AUC admits the closed-form
expression:

5
AUcch{ﬁj
The overlapping coefficient (OVL) under the same model is
given by:

OVL=2 [—%)

where

and @ denotes the cumulative distribution function of the
standard normal distribution. This function can be approximated
or bounded using several approaches (see, for example, [17-24].

These expressions show that both measures are deterministic
functions of the standardized mean difference &. Consequently,
under the normal location model, ROC-AUC and OVL are
mathematically linked and vary monotonically in opposite
directions. However, despite this structural connection, they
represent fundamentally different statistical concepts: ROC—
AUC is based on probabilistic ranking performance, whereas
OVL quantifies distributional overlap and similarity.

Theorem 1: Under the equal-variance normal model,

Proof: Since

ave=of %)

it follows that
i=20"" (AUC).

Substituting into the OVL formula yields

OVL=2 [7%]

Simulation Study and Empirical Comparison

Simulation Design

A simulation study is conducted under a Gaussian biomedical
separation model:

Xy, ~N(up,1), X, ~ N(O,1)

where:

4, €40,0.5,1,1.5,2,3}

with sample sizes (n,n,) = (20,50), (100,100) and R=1000
replications.

OVL is estimated using kernel density estimation and OVLke,
while ROC-AUC is estimated using the empirical estimator
AUC as given in Section (4). The simulation results included
the mean and mean square error (MSE) of each estimator are
summarized in Table 1.

OVL=2 P%’;UC)]
Table 1: True values of the overlapping coefficient (OVL) and the area wunder the curve (AUC),
together with the Monte Carlo estimates of the mean and mean squared error (MSE) for the
kernel-based  estimator OVLi., and the estimator AUC, under two sample size configurations
(n,,n,) = (20,50), (100,100).
(n,,n)) =(20,50)

n, True OVL Mean of OVL. Ker | MSE of OVL. Ker | True AUC | Mean of AUC | Mean of AUC

0.0 1.0000 0.8316 0.0324 0.5000 0.4994 0.0058

0.5 0.8026 0.7611 0.0091 0.6382 0.6342 0.0052

1.0 0.6171 0.6146 0.0097 0.7603 0.7582 0.0040

1.5 0.4533 0.4722 0.0085 0.8556 0.8550 0.0024

2.0 0.3173 0.3489 0.0080 0.9214 0.9225 0.0012

3.0 0.1336 0.1598 0.0042 0.9831 0.9826 0.0002

(n,,n,) = (100,100)

n, True OVL Mean of OVL Ker | MSE of OVL Ker True AUC | Mean of AUC | Mean of AUC

0.0 1.0000 0.9000 0.011 0.5000 0.5006 0.0016

0.5 0.8026 0.7968 0.0029 0.6382 0.6365 0.0014

1.0 0.6171 0.6263 0.0032 0.7603 0.7623 0.0011

1.5 0.4533 0.4728 0.0030 0.8556 0.8548 0.0007

2.0 0.3173 0.3401 0.0025 0.9214 0.9216 0.0003

3.0 0.1336 0.1531 0.0014 0.9831 0.9833 0.0001

Simulation Results

The simulation results in Table 1 provide a concise assessment of the finite-sample behavior of the proposed estimators and the

relationship between OVL and AUC.

J Epidemiol Med Stat, 2026

www.oaskpublishers.com

Page: 3 of 5



Copyright © Mohammad O. Edous, et al.

Volume 1 | Issue 1

Kernel estimator of OVL

The kernel estimator shows reasonable accuracy across all
settings. Small bias appears when the true overlap is close to
one, which is expected due to boundary and smoothing effects in
kernel estimation. For example, when p =0,

OVL =1, OVLxe = 0.8316,0.9000

for sample sizes (20,50) and (100,100), respectively. The bias
decreases as sample size increases.

The MSE also decreases clearly with sample size:
0.0091—0.0029 (u,=0.5),
0.0042—0.0014 (u,=3).

AUC estimator

The estimator AUC performs very well in all scenarios. Bias
is negligible, and the estimates closely match the theoretical
values. For instan(ie, when p =1,

AUC=0.7603,AUC=0.7582, 0.7623.

When p =3,
AUC=0.9831,AUC=0.9826, 0.9833.

MSE values are very small and decrease with sample size,
consistent with U-statistic properties.

elationship between OVL and AUC

A clear monotone inverse relationship is observed: as separation
increases, OVL decreases and AUC increases. For example,
when p moves from 0 to 3, OVL moves from 1 to 0.1336, while
AUC moves from 0.5 to 0.9831.

Under the normal model,
) )

AUC:(D[ﬁ],OVL :2®[_Ej’

which implies
w07 (AUC)
OVL=2 [ —n J
Interpretation

Although related, OVL and AUC msure different features:

AUC=P(X>X,),

OVL = J.:min {f(x),g(x)} dx.

For example, when p =3,

AUC=0.9831,0VL=0.1336,

showing strong discrimination but non-negligible overlap. When
u,=0.5,

AUC=0.6382,0VL=0.8026,

indicating weak separation.

Overall, the simulation confirms that the kernel estimator
is consistent, the AUC estimator is highly stable, and both
measures provide complementary information about population
separation.

Conclusion

This study developed a unified framework for the overlapping
coefficient in biomedical statistics and evaluated its behavior
relative to ROC-AUC. The results confirm a stable inverse
relationship between both measures under Gaussian (normal)

models and demonstrate their complementary roles. OVL is
established as a robust measure of distributional overlap, while
ROC-AUC remains a classification-oriented metric. Their
joint interpretation provides a more complete understanding of
biomedical data structures.

Use of artificial intelligence tools: The authors used ChatGPT
to assist in the preparation of this manuscript. The author takes
full responsibility for the content of the manuscript.
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